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Abstract

This study is an explanatory study, which follows a qualitative methodology and aims to reveal the explanations of prospective
mathematics teachers for the potential misconceptions of secondary school students in relation to the concept of symmetry and the
correction of such misconceptions. The study group consisted of a total of 26 prospective middle school mathematics teachers, who were
senior students. The data of the study were obtained from the open-ended test prepared by the researchers. Following the data analysis, it
was found out that the majority of the participants failed to identify the mistakes of students and suggested the ways to “letter the corners
of the shape and measure the distance based on the axis of symmetry” in order to correct these mistakes. Moreover, the study notably
observed that the participants adopted practical solutions such as the use of a mirror, paper folding, and the use of unit squares more in
teaching the concept of symmetry. It may be stated that the prospective teachers, in this way, overlooked the development of conceptual

knowledge in students.
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Introduction

The importance of conceptual knowledge in mathematics
has been acknowledged. For an effective teaching of
mathematics, students should acquire the relevant
concepts of the subject. Conceptual knowledge is a type
of knowledge based on comprehension including the
skills such as symbolizing mathematical concepts,
presenting them in a different form, establishing
relationships ~ between  them and  performing
mathematical operations in relation to them (Birgin &
Gurbuz, 2009).

Therefore, meaning is important in conceptual
knowledge. As long as the meaning of the concept is
understood, conceptual knowledge is developed (Baki &
Kartal, 2004). A single concept does not mean anything on
its own in mathematics. If the concept to be learned is
associated with other mathematical concepts, such
concept makes sense and conceptual learning is achieved
in the mind of an individual (Baki, 2006). In case that the
concepts could not be accurately developed in one's
mind, they may have misconceptions or difficulties with
the concepts.

Misconception is defined as the ideas that do not agree
with the current scientific view, arising from prior learning

of students, as a student conception producing a
systematic pattern of errors (Smith, Disessa & Roschelle
1993). Oliver (1989) reports that a misconception results
from the beliefs and principles in the cognitive structure
underlying systematic conceptual errors. Students, in line
with their beliefs and prior learning, consider the
concepts that they have misconceptualized as accurate
and depend on them in demonstrating many skills. Swan
(2001) states that a misconception stems from a
developing concept or the generalization of the concept
by students, rather than their wrong thinking. Further,
Swan (2001) argues that misconception may be a natural
stage in conceptual development. Therefore, the
misconceptions that students have should not be
considered as their failure. Moreover, Zembat (2010)
reports that misconceptions may be also triggered by
teaching methods. In this regard, the conceptual
knowledge of teachers and the teaching environment that
they create are of importance. Teachers should be aware
of the existing or potential misconceptions that students
have. In this way, they should change the misconceptions
of students and determine the teaching strategies and
approaches that transform these misconceptions into
scientifically accepted ones. Case & Fraser (1999) highlight
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that it is necessary to elaborate misconceptions in order
to eliminate the misconceptions that students have or to
achieve a conceptual transformation. There are some
studies on mathematics education which reveal
mathematical misconceptions. Some of them focus on the
concept of symmetry, pointing out that students have
difficulty in learning the concept of symmetry and develop
many misconceptions (Aksoy & Bayazit, 2010; Kaplan &
Oztiirk, 2014; Kése, 2012).

Symmetry is one of the key concepts in geometry and
underlies a number of mathematical concepts. Symmetry
helps students in visualizing different geometric concepts
and associating geometry learning with their real-life
experiences (Leikin, Berman & Zaslavsky, 2000). For that
reason, it is one of the most significant application areas
of mathematics. The concept of symmetry is essential not
only in mathematics, but also in other disciplines such as
physics, chemistry, music, design and geography (Leikin,
Berman & Zaslavsky, 1998; Leikin et al., 2000; Weyl, 1952).
Students need the idea of symmetry so that they can
effectively use the concept of symmetry in all these
necessary areas. Therefore, mathematics educators
emphasize that the concept of symmetry should be
acquired by students at an early age (Aksoy & Bayazit,
2010). Children develop the concept of symmetry
informally from early ages (Kdse, 2012). However, the
studies show that students have difficulty in learning the
concept of symmetry (Kichemann, 1981; Orton, 1999;
Seidel, 1998; Hacisalihoglu-Karadeniz, Baran, Bozkus &
GUndiz, 2015). Zaslavsky (1994) reports that the
difficulties that students have with the concept of
symmetry are linked to the misconceptions of teachers in
relation to symmetry. In this sense, in the relevant
literature, there are some studies on the misconceptions
of teachers in relation to the concept of symmetry (Leikin
et al., 2000; Son, 2006).

Son (2006), in her study with teachers, reveals that
teachers do not have sufficient knowledge on the
concept of symmetry and do not know the properties of
the concept of symmetry exactly. She concludes that
some of the teachers reported a parallelogram has an
axis of symmetry and some of them do not have sufficient
conceptual knowledge on reflection symmetry. Further,
she states that teachers, while teaching symmetry, have
adopted a practical teaching process including mapping
and folding strategies rather than conceptual knowledge.
In a similar way, she finds out that teachers confused
reflection and rotation symmetry and when teachers
were asked to describe reflection symmetry, they actually
defined rotation symmetry, and students, therefore,
misunderstood these concepts as well. Similarly, Leikin et
al. (2000) performed a study with prospective
mathematics teachers, pointing out that the most
common mistakes that they do are related to the axis of
symmetry. They conclude that prospective teachers
mostly think that the axis of the symmetry of a shape is
the line that bisects it.

The relevant literature demonstrates that there are
studies revealing misconceptions on the concept of
symmetry for different age groups including elementary,
middle school and high school students, prospective
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mathematics teachers and mathematics teachers (Hoyles
& Healy, 1997; Kaplan & Oztiirk, 2014; Kése & Ozdas,
2009; Kose, 2012; Leikin et al., 2000; Son, 2006). Yet, there
has not been enough research on the strategies that
prospective teachers use while teaching reflection
symmetry (Son, 2006). One of the objectives of this study
is to determine the strategies that prospective teachers
use in their teaching process, which is believed to be
useful in addressing the gap in the literature. Moreover,
the studies on symmetry in Turkey focus on primary and
secondary school levels (Kaplan & Oztiirk, 2014; Kése &
Ozdas, 2009; Kése, 2012). In addition it is important that
teachers  should know common  conceptions,
misconceptions, and difficulties of students, and they
should have the specific teaching strategies necessary to
address students’ learning needs in particular classroom
circumstances (Son, 2006). Therefore, the present study is
important in order to show how those who will soon
become teachers will overcome the possible
misconceptions and difficulties of students with reflective
symmetry. For that reason, being performed with
prospective mathematics teachers, this study will
potentially add to the existing literature of Turkey. Given
that, this study aims to reveal the explanations of the
senior prospective middle school mathematics teachers
for the potential misconceptions of students and the
correction of such misconceptions.

Method
Research Model

Qualitative researchers focus their research on exploring,
examining, and describing people and their natural
environments (Orb, Eisenhauer, & Wynaden, 2001). So
this study is an exploratory study with a qualitative
method, which examines the explanations of prospective
middle school mathematics teachers for the concept of
symmetry and other relevant conceptual and pedagogical
reflections.

Study Group

This study was performed with a total of 26 senior
prospective teachers in the Department of Middle School
Mathematics Teaching at a university in the Region of
Marmara in Turkey. The prospective teachers have
completed the Special Teaching Methods I-Il courses as
part of the undergraduate program. These courses
include the basic concepts of geometry and their
relationships with field teaching, the analysis of curricula,
the evaluation of course and student workbooks and
teacher's books. The participants, further, had the
opportunity to attend the practices in school and to
observe classroom teaching activities. As per research
ethics requirements, the participants were kept
anonymous and identified as “PT1", “PT2", “PT3", “PT4",
“PT5”, "PT6", “PT7"........... " PT26."

Data Collection Tool

The data collection tool in the study was a test consisting
of 6 open-ended questions. The test was prepared in line
with the studies in the literature and the expert opinions
on the definition of the concept of symmetry. Each
question features similar examples to the drawings, the
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symmetries of which were wrongly formed by the
participants at different levels in the literature. The right
and wrong steps in forming the symmetric shape were
asked next to the shapes; following that, if there is any
wrong step taken, the way to correct them was asked to
the participants. Although all of the symmetric shapes
were wrong, the participants were asked to identify the

right steps in order to make them give more-detailed
answers. The participants were further asked to act as a
teacher on the assumption that the wrong answers were
provided by one of their students, and, thus, seeking to
present more sound results. One of the questions in the
data collection tool is given below (Figure 1).

The students have made certain mistakes in forming a symmetrical shape for the shapes below. Please explain the
right and wrong steps of the students in forming a symmetrical shape in the first column and suggest what you can do
to correct the misconception in the second column (The original shape is placed on the left side of the arrow and its

reflection on the right side).

Right and Wrong Steps

The way to correct them

Figure 1. A question used in the test

In order to ensure the reliability of the data collection
tool, the test was firstly administered to a sample of 5
prospective teachers; following that, two researchers
discussed the questions with these students and
determined the questions which are incomprehensible or
need to be more explanatory. In this way, one of the
questions was excluded from the test, which consisted of
6 questions in the end. These questions were revised in
line with the reflections of the prospective teachers in
order to make them more comprehensible. The final
version of the test was administered to the prospective
teachers in classroom environment for a period of 40
minutes.

Data Analysis

The data, which were obtained from the test, were
analyzed through descriptive analysis method in
accordance with the purpose of the study. In descriptive
analysis, the data are directly reported, remaining as
unchanged as possible (Karadag, 2010). The analysis of
the data was carried out in two steps. First, the answers of
the prospective teachers were independently analyzed by
two researchers. In the analysis, researches organized the
students’ potential misconceptions and their explanations

about how to overcome misconceptions and calculated
the frequencies of the answers of the participants for the
relevant sections. In the second step, the researchers
came together to compare the analysis they have made,
and after resolving the differences between analysis they
decided the final version of the analysis. Thus, the
reliability of analysis has been provided. As a result of the
analysis, the answers of the participants for the relevant
sections, along with the frequencies of the answers, were
provided in tables. Furthermore, participants’ answers to
the open-ended questions in the test and their drawing
representations were used to exemplify the
misconceptions.

Findings

In the findings section, Tables demonstrates the opinions
of the prospective teachers in regard to the identification
of the right and wrong steps of students and the way to
correct them. Following that, the explanations for each
question and the examples from the answers of students
were provided below. Moreover, the examples from the
answers of the prospective teachers were presented for
each question.

Table 1. The opinions related to first questions of the prospective teachers in regard to the identification of the right and wrong

steps of students and the way to correct them

Figure Right and Wrong steps 0] The way to correct them (f) (?)Ot finding solution
. Angle of symmetry axis not 21 Make the rules of 12 3
accounted symmetry revised
r (-I Distances to symmetry axis 4 Take attention on 6
taken wrongly symmetry axis
Instructed deficiently in the 1 Symmetrise via 5
courses paper folding
Knowledge memorized 1 Make use of 2
computer software
. . Give examples from
Symmetrised on x axis 1 - 1
daily life
Same of the shape taken 1
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Findings concerning the first question

In the above question, the angle of symmetry axis is given
as the narrow angle. But the answer of a student,
presumed to neglect the axis of the symmetry, was
provided in the first question to the prospective teachers.
The majority of them (PT1, PT3, PT4, PT5, PT7, PTg, PT10, PT11,
PT12, PT1a, PTas, PTie, PTi7, PTag, PTig, PTao, PTa1, PT2a, PTa,
PTas, PTa) were aware of such mistake. One of them
stated that: “The axis was considered to be straight rather
than inclined. The symmetrical shape was formed based
on that.. PTs" A total of four prospective teachers
reported that it is related to the distance to the axis of the
symmetry, which is not calculated accurately, rather than
the neglection of the angle of the axis of the symmetry
(PT,, PTe, PTs, PT13). The opinion of PT; is as follows: “The
most important feature in symmetry is position. The distance
to the axis of symmetry should be the same to the distance to
the reflection.” Considering the prospective teachers with
similar opinions, they were partially able to explain the
mistake. These prospective teachers could not
acknowledge that the axis of the symmetry was
considered to be the vertical axis, but its angle was
different from the right angle. One of them stated that
the concept of symmetry might have been poorly taught
in the courses probably with regards to content (PT1o) and
the students might have memorized the concept of
symmetry (PT,) and, thus, pointed out a lack in learning-
teaching process. On the other hand, PT;, reported that
the symmetrical shape was formed based on the axis and
PT.; said that the symmetrical shape to be formed was
the same with that in the right on the axis of the
symmetry, and they themselves fell into a misconception
while they were supposed to report the difficulty that the
student had. One of these prospective teachers stated
that “It is a wrong step. The symmetrical shape was
formed based on x-axis... PT2"

When the way to correct the mistakes that the
prospective teachers identified was asked to them, most

of them tended to give more general answers, instead of
specific answers for the mistakes of the students. In the
first question, almost half of the prospective teachers
(PT1, PT4, PTs, PTe, PTg, PT12, PTa3, PTa4, PT1s, PT17, PT2s, PT26)
provided a very general answer by stating that “I would
make the student repeat the rules of symmetry.” One of
these prospective teachers expressed his/her opinion as
follows: “I would ask the student to draw a perpendicular
to every point in the shape based on the axis of the
symmetry and to mark the same vertical distance (as a
point) on the other side of the shape, then, to combine
these points... PT," A total of 6 prospective teachers (PT5,
PTo, PT10, PT11, PT2,, PTys) stated that they would point out
the axis of the symmetry. The specific answer for the
mistake was provided by PT;, who reported that “I would
ask the student to form the symmetrical shape when it is
vertical, and show that it would not be the same with the
symmetrical shape formed when the axis is inclined.” A
total of 5 prospective teachers tended to give more
general answers rather than specific ones by saying that
they would form the symmetrical shape by means of
folding (PTs, PTys), they would use computer software
(PT20, PT21) and they would provide examples from daily
life. The answers of some of these prospective teachers
are as follows: “I would ask the student to fold the paper
over the axis of the symmetry, and make him/her realize
that the resulting shape is the symmetrical shape... PT+s"
and “It is possible to concretize the information via
computer software, e.g. Geogebra...” Notably, the answers
of some of the prospective teachers (PTis, PT1o, PT23) did
not focus on finding solutions to the mistake. Among
them, there was the answer of PTi which is that “the
answer would be right if it was formed based on the
inclination of the axis of symmetry” and the answer of
PT1q, which is that “the mistake can be corrected if the axis
of symmetry is considered to be y-axis.”

Table 2. The opinions related to second questions of the prospective teachers in regard to the identification of the right and

wrong steps of students and the way to correct them

Figure Right and Wrong steps (0] The way to correct them (f) ?c?lztion 0 finding
. Shape drawn completely mistakenly 9 Make the rules of symmetry revised 13 5

Completed into triangle 8 Symmetrise via paper folding 5

A Couldn't get symmetrised 6 Do much exercise 2

Not knowing what symmetry means 3 Make use of unit square 1

Symmetry axis taken wrongly 2 Use mirrors 1

Some shapes cannot be symmetrised 1 Displayin reverse 1

~ Main shape is wrong 1 Make use of computer software 1

§ A symmetry axis in both sides required 1 Give examples from daily life 1

% Shape not having symmetry line 1 Display shapes unsymmetrised 1
Could not understand what was done 1
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Findings concerning the second question

In the second question, the prospective teachers were
asked to reflect on the practice of completing the shape,
which is one of the common misconceptions of students
in relation to the concept of symmetry in the literature. It
is remarkable that most of the prospective teachers
provided general answers and could not fully explain the
mistake. The most common general answer given by the
prospective teachers was that the assumed student
formed a completely wrong symmetrical shape (PTs, PTa,
PT5, PT18, PT19, PTzo, PT21, PTzz, PT23). One of these
prospective teachers expressed that “Every step is
wrong... PT1g" Only 8 of 26 prospective teachers identified
the mistake and stated that the student completed the
triangle (PT1, PTs, PTe, PT;, PTo, PTqq, PTi4, PT16). One of
them stated that “the student attempted to complete the
shape rather than forming a symmetrical shape... PT1;" A
total of 6 prospective teachers provided a general answer,
reporting that a symmetrical shape was not formed (PT,,
PT11, PT12, PTys, PTy7, PT24). PTqs said that “A Symmetrical
shape was not formed based on the axis, but | did not
understand what the student did”, emphasizing that the
operation was not accurate, but failed to explain why it
was not. Some of the prospective teachers (PTo, PT1o, PT26)
claimed that the student who was presumed to make
such mistake did not know the concept of symmetry. One
of these prospective teachers stated that “The axis of
symmetry and the concept of reflection have not been
sufficiently understood; therefore, this shape has nothing
to do with a symmetrical shape... PTz" Many prospective
teachers themselves fell into a misconception, reporting
that the axis of symmetry was wrongly taken (PT,, PTs),
that it is not possible to form a symmetrical shape for
some shapes (PTzs), that the original shape is inaccurate
(PT,4), that there should have been an axis of symmetry
where the shape would be the same on the both sides
(PT,2) and that the shape does not have a symmetry line.
The answers of several of these prospective teachers
were as follows: “The axis of symmetry was wrongly
considered...PT,", “When the shape is folded over the axis
of symmetry, the parts do not overlap each other... The
original shape is inaccurate... PT»", “The shape does not
have a symmetry line... PT;3". One of the prospective
teachers did not understand what the student had done
and also the underlying reason for the mistake (PTis).

The prospective teachers mostly provided general
answers to the question regarding the way to correct the
mistake/mistakes in the second question. In this question,
as in the first question, many prospective teachers (PT;,
PTs, PTs, PTe, PT7, PTo, PTag, PT14, PT12, PTaa, PT2o, PTo23, PT24)
stated that they would make the student repeat the rules
of symmetry in order to correct the mistake. The general
answers, which were given in the first question, such as “I
would form the symmetrical shape by means of folding”
(PTy3, PTis, PTye, PT2y, PTa4), “I would use computer
software” (PTs) and “I would give examples from daily life”
(PT), as well as the answers such as “l would make the
student practice more often” (PT2;, PT), “I would use unit
squares” (PTy) and “l would use a mirror” (PTz) Among
such general answers, there were the following answers:

“It is necessary to practice often. The exercises in the
textbook should be completed. We should make them
complete the exercises in the workbook... PT»", “These
concepts should be explained in detail through the
examples from daily life. We should make students solve
plenty of similar exercises... PT,s" While PT4 attempted to
provide a solution and reported that “As the student drew
the shape on the line, | would show that the shape is
drawn on the right of the axis of symmetry while the
symmetrical shape is formed on the left side.” PT.s gave
an inaccurate answer resulting from her/his own
misconception by stating that “l would help the student by
showing other shapes for which no symmetrical shape
can be formed.” A total of 5 prospective teachers (PT,, PTs,
PT16, PT17, PT2s) provided some suggestions, which could
not be considered as a solution. One of them, PT1s, stated
that “The idea to complete the shape should be
eliminated and the idea to form a symmetrical shape
should be considered.” Further, PTs drew the following
shape (Figure 2) to provide a solution.

Figure 2. The drawing of PTg for the solution of the mistake in the
2nd question

Findings concerning the third question

In the third question, the prospective teachers were asked
to identify a mistake of a student, who was supposed to
form the symmetrical shape consisting of the letters of
the word “KITAP” only based on the vertical axis, but
rather formed the symmetrical shape based on the
horizontal axis as well. Almost half of the prospective
teachers stated that the student overgeneralized the rule
(PT1, PTy, PT3, PTa, PTg, PTo, PT14, PT12, PT13, PT14, PT1e, PT24)
and provided a general, but an accurate explanation. One
of these prospective teachers reported that “The student
formed both a symmetrical shape and a reverse shape...
PT:." A total of 4 prospective teachers (PTs, PTis, PTys, PT1o)
rightly stated that the student, who was assumed to make
the mistake, formed a symmetrical shape based on both
the horizontal and vertical axis. The opinion of PT;s was as
follows: “The symmetrical shape was formed both on the
horizontal and the vertical axis.” Some of the prospective
teachers (PTs, PTio, PT2s), similar to the previous opinion,
reported that the student formed a symmetrical shape
based on the origin, rather than the vertical axis. PTe, PT12,
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PT.s stated that the student partially knew the concept of
symmetry. With such opinion, PT;, reflected that “They
wrote the word in reverse while forming the symmetrical
shape. Yet, it is obvious that they partially know
something as the letter close to the axis of symmetry is
close to the axis of symmetry in the symmetrical shape as
well.” A total of 3 prospective teachers (PTq7, PTa, PTa3)
stated that the direction of the symmetrical shape is not
accurate and thus provided a general answer. One of
these participants reported that “The order of the letters
is accurate, but the direction should be kept same... PT47"
but failed to explain what he/she meant by the direction.
This is the same case for the other prospective teachers
with the same opinion. A total of 2 prospective teachers,

who said that the student considered the axis of
symmetry as horizontal (PT;, PTy), and one of the
prospective teachers, who reported that the student
formed the symmetrical shape based on y-axis, rather
than x-axis, (PT) fell into a misconception. PT; stated that
“the operation was performed based on a horizontal axis
of symmetry”, which is one of the examples of the
misconceptions. Further, PT,, failed to fully explain the
mistake by reporting that “The right step is that the
distance is not the same, but close. The wrong thing is to
complete the shape in a reverse manner due to the lack
of points.”

Table 3. The opinions related to third questions of the prospective teachers in regard to the identification of the right and wrong

steps of students and the way to correct them

Figure ) Not finding
Right and Wrong steps 0] The way to correct them (f) solution ()
Overgeneralization 12 Make the rule; of 7 8

symmetry revised
. Symmetrised on vertical and 4 Symmetrise via paper 6
§ horizontal axis folding
KITAP | dYLIY
H Symmetrised on origin 3 Use mirrors 6
Partly knows about symmetry 3 Do much exercise 2
N Simultaneous feedback on
Directions wrong 3 1
the error
Symmetry axis taken horizontally 2 Make visual discourse 1

Symmetrised on y axis but not on
X axis

It is notable that the number of the prospective teachers,
who failed to provide a solution for the mistake in the
third question, is higher than in other questions (PT,, PTs,
PTs, PTy1, PTys, PTie, PTig, PT23). The answers of some of
these prospective teachers were as follows: “The letters
except for K should be reversed (on the right) and d
should be replaced by qg.. PT,”, “The student should
realize that the symmetrical shape is formed only based
on the vertical axis... PTs" The suggestions for the mistake
in the third question are general similar to the
suggestions in other questions. A total of 7 prospective
teachers (PTy, PT,, PTy, PTo, PT1o, PT1o, PT2s) argued that the
rules of symmetry should be repeated to correct the
mistake whereas a total of 6 prospective teachers (PTs,
PTm, PTzo, PTzq, PTzz, PT24) thOUght that the method of
paper folding would be useful. Some of the prospective
teachers (PTy, PTs, PT4, PTe, PT47, PT26) often reported that
the use of a mirror would be useful in teaching the
concept of symmetry. One of these prospective teachers
stated that “I would write the word ITFAIYE on the board
and ask the student to reflect it with a mirror. Upon
seeing the reflection, the misconception of the student
will be clarified... PT,6” While there were some prospective
teachers who argued that more practice would be useful
(PTs, PT10), one of the prospective teachers (PT;,) stated
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that it is possible to correct the mistake of the student by
giving immediate feedback. On the other hand, PTis
reported that “Explaining the subject in a visual manner
would prevent such mistake” and thus emphasized the
usefulness of visual expression, but failed to state what
he/she meant by visuality.

Findings concerning the fourth question

In the fourth question, the prospective teachers were
asked to evaluate the answer of a student, who was
assumed to write the letters back to front while forming
the symmetrical shape for the word “KITAP” based on the
vertical axis. PT3, PT5, PTG, PT15, PT17, Pqu, PTZO, PT21, PTzz,
PT.s reported that the student failed to form the reverse
image of the letters. One of these prospective teachers
(PT5) stated that “The order of the letters is accurate, but
their direction is inaccurate.” A total of 8 prospective
teachers (PT7, PTo, PTy1, PTi3, PTi4, PTie, PToo, PT23)
described the mistake of the student and reported that
the word was written in reverse. One of the prospective
teachers stated that “The student wrote the text in
reverse... PTis" Some of the prospective teachers (PTy,
PT10, PT13, PTys) provided a general explanation by stating
that the student did not follow the rules of symmetry. PT,
reflected that “The letters are in order, but the rules of
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symmetry have not been followed.” Similar to other
answers in several questions, the answer which was “the
student does not know fully the concept”, was also given
to this question as well (PTs, PTio, PT2). Moreover, two
prospective teachers (PT4, PTq) stated that the student
had a misconception. PTy reported that “the distance
between the letters is accurate, but they are wrongly

placed” whereas PTi, reflected that “While forming the
symmetrical shape, the distance of a point to the axis of
symmetry should be the same with the distance of the
symmetrical shape and the axis of symmetry.”

Table 4. The opinions related to fourth questions of the prospective teachers in regard to the identification of the right and

wrong steps of students and the way to correct them

Figure Right and Wrong steps  f The way to correct them f ;\lo(JIfjtion (f;‘mdmg
N -
! Reverse image of letters not 10  Make the rules of symmetry revised 12 4
H taken
. ! H
K|TAP E PAT'K Word written reversely 8  Use mirrors 7
I
L}
! Symmetry rules not followed 4 4
Not learnt the concept sufficiently 3 Do much exercise 3
Misconception 2 Symmetrise via paper folding 2
) Simultaneous feedback on the
Spelling error 1 1
error
Make use of checkered paper 1
Distances mistaken 1

Maket hem use thread or potate
print

It is remarkable that the suggestions for correcting the
mistake of the student, who was assumed to spell the
word in reverse in the fourth question, focused on making
the student repeat the rules of symmetry (PT, PT,, PTs,
PTg, PTg, PT‘H, PT12, PT14, PT17, PT13, PTzz, PT24). A total of 7
prOSpeCtiVe teachers (PT3, PTs, PTo, PTq4, PTys, PTq7, PT19)
stated that it is possible to correct the mistake by using a
mirror. Some prospective teachers suggested that the
student should solve more problems (PT1s, PT7, PT2), find
out the symmetrical shape by means of paper folding
(PTs, PT20) whereas one of the prospective teachers

argued that the student should use a plotting paper (PT1o)
and one of them claimed that it is possible to overcome
such mistake through immediate feedback (PT;). PT, gave
a different answer and suggested or rope printing, but
did not provide any detail. A total of 4 prospective
teachers (PTs, PTis, PT23, PTas) provided confusing rather
than solution-oriented suggestions. The following
suggestions might indicate such confusion: “I would ask
why the reflecting letters would not be reversed with the
word... PT»s" and “l would say that the letters at the both
sides are to face towards the mirror... PT¢"

Table 5. The opinions related to fifth questions of the prospective teachers in regard to the identification of the right and wrong

steps of students and the way to correct them

Figure Right and Wrong steps [0l The way to correct them (f) Not finding solution (f)
Distances to the axis not 14 Make the rules of symmetry 17 2
accounted revised
Reflection not taken 10 Tell the diference  between 3

translation & symmetry
Translation done 6 Use mirrors 2
Misconception 5 2
Make use of checkered paper 1
Same of the shape taken 5 Use question answer method 1
Tell axis concept 1

Findings concerning the fifth question

In this question, the participants were asked to evaluate
the answer of a student, who inaccurately calculated the
distance of the symmetrical shape to the axis of
symmetry and formed the same shape in the other side

of the axis of symmetry. More than half of the prospective
teachers (PT1, PT,, PTs, PTg, PTy3, PTys, PTq7, PTqg, PT1g, PT2o,
PTa, PT.s, PTas, PTa) stated that the distance of the
symmetrical shape to the axis of symmetry was
inaccurately calculated. A total of 10 prospective teachers
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10 (PTs, PTs4 PTs, PTo, PTis, PTao, PT21, PTa, PTas, PTo)
reported that the student failed to form a reflection on
the right side of the axis of symmetry. In a similar way, a
total of 5 prospective teachers (PTs, PTs, PT12, PT16, PT24)
stated that the student attempted to form a symmetrical
shape by keeping the shape same. Based on the answers
of the prospective teachers, it is notable that there is only
a total of 6 prospective teachers who pointed out both of
the mistakes (PTs, PTis, PT2o, PT22, PT24, PTa6). Referring to
both of the mistakes, one of them reported that: “It is
inaccurate. The symmetry of the shape is not positioned
in the equal distance and the direction of the shape is
different... PTy" On the other hand, PT;, PTo, PTio, PTys,
PTia, PT2 stated that the student displaced the shape
although he/she was supposed to reflect it. PT11 reflected
on the mistake and said that “The student may have
confused it with translation.” A total of 5 prospective
teachers (PTs, PTo, PTio, PTy1, PTy2) reported that the
student has a misconception. One of these prospective
teachers stated that: “The student assumed that the
symmetrical shape is the same with the original shape...
PTe"

The vast majority of the prospective teachers (PT,, PT,,
PTs, PT4, PTs, PTg, PTo, PTio, PT12, PT3, PTis, PTee, PT17, PT22,

PT.3) argued that repeating the rules of symmetry would
help the student correct the mistake. One of these
prospective teachers reported that: “The misconception
here is that the shape was written same and the distance
to the line in the drawing was not the same. It is obvious
that the student does not understand anything about
symmetry. | would give the lecture again :))...PTs" The
answers of a total of 3 prospective teachers (PTy1, PTia,
PT.1) were directly related to the mistake; their answer
was “l would tell the difference between translation and
symmetry.” There are 2 prospective teachers (PTs, PT1o)
who stated that they could correct the mistake by using a
mirror. In order to correct it, PTy suggested the use of a
plotting paper whereas PT; suggested a question and
answer method. PTys highlighted the importance of the
concept of the axis of symmetry and stated that: “It is
necessary to explain the concept of axis in detail.
Students should particularly solve the problems involving
the reflection of line segments.” A total of 2 prospective
teachers (PTs, PT,) failed to suggest any solution. For
instance, PT2; simply described the mistake and reported
that: “We should differentiate between translation and
symmetry.”

Table 6. The opinions related to sixth questions of the prospective teachers in regard to the identification of the right and wrong

steps of students and the way to correct them

Figure . Not finding
Righ w Th h .
ight and Wrong steps f e way to correct them f solution ()
5 Ordering mistake 13 Make the rules of symmetry 10 2
El:55 13:2¢ revsed
: Distances to symmetry axis 11 Use mirorrs 6
wrong
Directions taken correctly 3 Use watch 3
Hour and minute taken L .
2 Symmetrise via paper folding 3
seperately
Not sym
2 Make visual discourse 1
metrised on mirror
Misconception 2 Make use of computer software 1
Not knowing what symmetry 1 Use question answer method 1
means
Not symmetrised but taken Solve on the board 1
the reverse writing of the 1
digits Not answering 1
Not answering 1

Findings concerning the sixth question

In the sixth question, the participants were asked to
identify the wrong and right steps in an example where
the student accurately formed the reflection of a digital
clock by taking into consideration each number, but
confused the placement of the hours and minutes. Half of
the prospective teachers (PT;, PTs, PTg, PTo, PT13, PT14, PTys,
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PT17, PTzo, PT23, PT24, PT25, PT25) emphasized the mistake
about the placement. In this regard, PT13 stated that “It
should be 22:13; the placement is wrong.” A total of 11
prospective teachers (PT,, PTs, PT7, PTio, PTi1, PTi2, PTig,
PTq9, PT2,, PTs, PTe) stated that the distance to the axis of
symmetry was inaccurate. One of these prospective
teachers reflected on the mistake: “It is completely wrong.
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The distance to the mirror is important when it comes to
symmetry... PT,” On the other

hand, PTy, PT.,, PTy stated that only the direction was
right and failed to report that the placement was wrong.
From this point of view, there is only one prospective
teacher (PT.s) who precisely pointed out the mistake in
the question. PTy said that: “The symmetry of the shapes
was correct, but the distance and placement to the axis
was neglected.”

A total of 2 prospective teachers (PT;, PT,s) reported that
the student considered the hour and the minutes
separately; one of them stated that: “The student
considered the hour and the minutes separately. Their
distance to the axis of symmetry was wrong... PT;" A total
of 4 prospective teachers tended to provide more general
answers and reported that the symmetrical shape was
not formed based on the mirror (PT¢, PTy7) and there is a
misconception (PT4, PTs2). For instance, “This symmetrical
shape was not formed based on the mirror...PT:¢" On the
other hand, PTs failed to provide an answer; PT., stated
that the student does not know the concept of symmetry
and PT, reported that the student, unable to form a
symmetrical shape, simply wrote the figures in reverse.

Lastly, nearly half of the prospective teachers (PT,, PTs,
PT4, PTg, PTq2, PTis, PToo, PTo3, PTog, PTZG) stated that they
would make the student repeat the rules of symmetry in
order to correct the mistake in the sixth question. A total
of 6 prospective teachers (PT;, PTy1, PTia, PT17, PT1o, PT21)
suggested the use of a mirror whereas a total of 3
prospective teachers (PT7, PT11, PT21) recommended the
use of a clock. In this sense, it is notable that a total of 3
prospective teachers considered appropriate to use both
of the two materials. Among the suggestions for the sixth
question, there was the practice of paper folding, which
has been suggested for all questions except for the fifth
question (PTs, PT1s, PT20). One of the prospective teachers
favored visual expression (PT;3); one of them suggested
computer software (PTy), and one featured the use of
question and answer method (PTs), and there was one
prospective teacher (PT;) who argued that explaining it in
detail on the board would help the student correct the
mistake. Yet, one of the prospective teachers (PTs)
avoided answering the question while the suggestions
provided by 2 prospective teachers (PT, PTi) failed to
focus on correcting the mistake.

Results, discussion and suggestions

This study examined the explanations of the senior
prospective middle school mathematics teachers in
regard to the mistakes related to reflection symmetry,
which were assumed to be made by students.

The findings of the study indicated that the prospective
teachers generally failed to do anything else other than
simply describing the mistake (e.g. the student completed
the triangle, wrote the word in reverse, displaced the
shape, etc.) in identifying the right and wrong steps in the
potential answers of six students. They did not provide
any explanation for the source of such mistakes. Yet, it is
important to know the types of misconceptions and to

realize the development of such misconceptions in order
to eliminate any existing misconception in students
(Yenilmez & Yasa, 2008). Also, Ball (1991) emphasized the
importance of considering conceptual errors from the
perspective of students and understanding the
conceptual thinking underlying such errors for teachers.
In this regard, it is essential to reveal whether teachers
have internalized the concept that they will teach or not.
Teaching, otherwise, may lead to major problems.

It is also notable, based on the findings on the
identification of the right and wrong steps by the
prospective teachers, that some of the prospective
teachers themselves were mistaken while identifying the
wrong steps. These prospective teachers provided certain
explanations, including that the axis of symmetry should
be parallel either to the horizontal axis or to the vertical
axis and that it is impossible to form a symmetrical shape
for certain shapes.The intersection of the symmetry line
with the shape (object) is an important variable and it is a
known thatthis influences how students draw the
symmetry of object (shape) with respect to the line (Kdse,
2012). On the other hand, it seems that some participants
have confused symmetry of an object with objects being
symmetrical, especially in the second question. These
candidates examined whether the two different shapes
involved in the question were symmetrical or not, by
takingshapes as a whole. However, the context of the
problem is about whether the symmetry of the given
shape is taken correctly or not. This may be cause of the
prospective teachers are not able to read or understand
the question carefully, or it may be related to the
education they have received. Because, in education given
to schools, geometric shapes are generally studied and
they are asked to draw symmetry axes of these shapes.
Thus, such an understanding may have led the
participants to think shapes as a whole. The study by
Turgut, Yenilmez & Anapa (2014) concluded that the
prospective teachers had difficulty in finding the axis of
symmetry and determining whether the given two objects
are symmetrical or not. It may be argued that the
prospective teachers in this study experienced some
similar difficulties and fell into misconception. Further,
there were some prospective teachers who avoided
answering the questions addressed to them and reported
that they did not understand what the assumed student
did. All of these findings demonstrated that the
prospective teachers do not have sufficient knowledge on
reflection symmetry. These findings are similar to the
findings in the study by Girblz & Durmus (2009),
Desmond (1997) and Son (2006). The prospective teachers
who participated in the study of Son (2006) also pointed
out procedural ways to correct mistakes, although they
made conceptual insights while describing them.

The results of the study reveal that the prospective
teachers evaluated the mistakes of the assumed student
by focusing on the operation, rather than from a
conceptual perspective. This is similar to the findings of
the studies by Son & Sinclair (2010), Baki & Kartal (2004).
Another important finding of the study indicated that the
participants did not use mathematical terminology and
jargon in identifying the mistakes of the student.
However, one of the general purposes of mathematics
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education in the curriculum is that: “the student is
required to use mathematical terminology and jargon in
an accurate way in order to rationalize, reason and share
his or her mathematical thinking” (MEB, 2013).
Accordingly, it is an issue of concern how the prospective
teachers who do not sufficiently use mathematical
terminology and jargon could achieve such purpose in
service. The studies by Kdse (2012) and Bintas, Altun &
Arslan (2003) revealed similar findings.

The most common suggestions of the participants for the
potential mistakes were " | would make the student repeat
the rules of symmetry", but in this expression, candidates
do not clearly state what they mean and what they will do.
On the other hand, other candidates have discourses
such as " | would make the student practice more often" and
"I would give examples of daily life", but they have not given
me any clues as to what kind of exercises or examples of
daily life can be used. Therefore, participants did not
provide concrete examples. Thus, it can be stated that the
lack of any explanation where the prospective teachers
attempted to comprehend the reason for the
misconceptions indicated that they failed to have a deep
understanding of the concept. On the contrary, teachers
are required to have a very good knowledge of
mathematics in order that their teaching can be qualified
(GUrbuz & Durmus, 2009; Zembat, 2007). Also, notably,
the prospective teachers stated that they mentioned
some procedural processes such as using a mirror or
paper folding in forming a symmetrical shape in almost all
questions where they were asked to suggest a solution
for the mistake of the students. In a similar way, the
prospective teachers in the study by Son (2006) offered
some conceptual insights to describe the student
mistakes, but they focused on procedural processes to
provide a solution for the mistakes.

In conclusion, this study puts forth that the prospective
teachers failed to develop a sufficient strategy to
overcome the student mistakes. The studies by Aydin-
GU¢, & Hacisalihoglu-Karadeniz (2016), Berg & Brouwer
(1991), Smith & Neale (1989) and Son (2006) concluded
similar results. The Updated Secondary School
Mathematics Teaching Program (MEB, 2013) anticipates
that students make use of concrete experiences,
intuitions, informal information that they have in their
daily life in order to support conceptual learning.
Considering that, teachers are expected to prepare
environments where students are able to relate their
existing knowledge to the new knowledge that they have
access to (Hacasalihoglu-Karadeniz et al. 2015).
Conceptual knowledge consists of the meanings
underlying rules, generalizations, their relationships and
operations (Bekdemir, Okur & Gelen, 2010). In order for
the concept of a subject to be fully acquired by a student,
the definitions and properties of such concept are
required to be completely and accurately explained
(Kiguk & Demir, 2009). Otherwise, it is reported that
students tend to memorize the operations based on the
concept and definitions; for that reason, more emphasis
should be placed on conceptual learning in this process
so as to overcome such difficulty (Hacisalihoglu-Karadeniz
et al. 2015). In conclusion, the acquisition of something is
indispensable in conceptual knowledge; on the other
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hand, procedural knowledge features how to use a
concept or an operation and may overlook the reason
underlying such concept or operation (Baki, 1997).

The results of the study showed that the prospective
teachers could not provide conceptual explanations in
identifying the student mistakes and suggesting a
solution. Therefore, it may be recommended that the
relevant field and training courses in teacher training
programs should focus more on mathematical concepts.
If lecturers present some potential student mistakes on
mathematical concepts, the prospective teachers may be
encouraged to discuss these mistakes and provide a
solution. The prospective teachers are required to learn
how to relate conceptual and procedural knowledge in
pre-service period. Understanding of an issue is the focal
point of conceptual understanding. However, there is no
need to know the reason of the reason of a concept or
procedure it is enough to know how to use it t (Baki,
1997). In this sense, it is important in this process that the
prospective teachers step out of traditional-familiar-
known methods and adopt a student-oriented approach.
Also, the prospective teachers should be given the
opportunity to put into practice various methods and
comprehensive techniques, which are discussed during
their education, in their field courses. In the updated
teaching programs and course books, more focus might
be placed on teaching concepts and more exercises may
be included from primary education to secondary
education level. For instance, although the activities such
as paper folding involve a procedural process, they can be
sometimes effective in teaching mathematical concepts or
recalling the concepts previously learnt (Hacisalihoglu-
Karadeniz, 2017). However, it should be attended to the
fact that applications made by the paper folding method
reveal the mathematical gains, so that the initial aim is to
teach mathematics. Otherwise, activities and practices
with paper folding can only be limited to having fun
(Hacaisalihoglu-Karadeniz, 2017)

The data collection tool in this study was an open-ended
test. However, a further study might interview the
prospective teachers in order to obtain more in-depth
data, along with such test. In this way, it would be clear
why the prospective teachers provided some
explanations in identifying the mistakes and suggesting a
solution to these mistakes. Such researches can also be
carried out for different mathematical concepts which are
thought to be difficult for teacher candidates.
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