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Abstract

This study investigated the geometry knowledge of in-service primary school teachers through measuring both their content knowledge (CK)
and pedagogical content knowledge (PCK) using a descriptive and qualitative approach. The participants of the study were 23 primary school
teachers who work in public schools with teaching experience that ranges from six months to 30 years. The teachers voluntarily attended a
teacher-training seminar conducted by the researchers and completed a test, which included open-ended questions. This particular study
presented here is part of a larger design-based research project on a seminar that trains primary teachers to teach mathematics. The collected
data were analysed through qualitative data analysis techniques with a holistic approach and discussion. The findings are presented according
to the three geometric concepts that the study focused on: quadrilaterals, angle measurement and transformation geometry. On the whole,
the study found that the CK of the primary school teachers was weak. We also found that the teachers’ PCK was weaker than their CK due to
the relationship between CK and PCK. Hence, primary school teachers should be offered additional teacher training sessions for the purpose
of improving both CK and PCK, which will, in turn, enhance the learning opportunities of their students.

Keywords: Geometry Knowledge, Content Knowledge (CK), In-Service Primary School Teachers, Mathematics Teaching, Pedagogical Content

Knowledge (PCK).

Introduction

Students are typically exposed to fundamental mathemati-
cal concepts for the first time during their primary level of
education. The learning opportunities of students are direct-
ly related to the knowledge of their teachers, including pri-
mary school teachers. For this reason, it is worth analysing
the knowledge that primary school teachers are required to
have to effectively teach mathematics. Content knowledge
(CK) and pedagogical content knowledge (PCK) are the two
knowledge dimensions which are highly related with each
other and have an impact on students’ learning and motiva-
tion (Kleickmann et al., 2013; Krauss et al., 2008).

Recent research indicates that primary school teachers, as
well as pre-service teachers, have weak knowledge of CK
and PCK (Venkat & Spaull, 2015; Turnuklu & Yesildere, 2007)
regarding the teaching of geometry (Jones et al., 2002; Hou-
rigan & Leavy, 2017; Fujita & Jones, 2006; Jones & Tzekaki,
2016) in different contexts such as quadrilaterals, geomet-
ric thinking, or spatial reasoning/ability. Although there are
studies on the knowledge needed to teach geometry, many
of them include pre-service primary teachers or they define
the primary level of education as the first eight years of learn-
ing and include a broad range of K-8 (Browning et al., 2014).
The shortcomings of these studies have led us to focus more
specifically on the CK and PCK of in-service primary school
teachers in teaching geometry. Therefore, the CK highlighted
in this study refers to geometry content knowledge or the
knowledge that teachers will use in the teaching of geom-
etry. Jones (2002) describes teaching geometry as knowing
how to recognize interesting geometric problems and the-
orems, valuing the historical and cultural context in which
they are taught, and understanding the many different ways
in which geometry can be integrated (p. 122). PCK refers to

knowing how to transfer this professional knowledge to stu-
dents. Geometry CK should be evaluated within the CK that
teachers should have in order to teach mathematics more
broadly. Studies show that the CK of teachers and/or pro-
spective teachers is lower in geometry content than in other
subjects (Marchis, 2012; Tsang & Rowland, 2005). Moreover,
there are studies which examine the relationship between
teachers’ knowledge of geometry and the way in which stu-
dents learn (Unal et al., 2009). That is, the geometric thinking
skills that students are expected to acquire are a function of
how the teachers themselves develop their own knowledge
of geometry. What teachers teach and how they transfer that
knowledge to their students directly affects student learning
comprehension. The intention of our study is to describe
the CK and PCK needs of in-service primary teachers in or-
der to teach geometry, contributing to a gap in the literature
on in-service primary teachers. The primary teachers of this
study are those responsible for the first four years of primary
education in Turkey.

The skills expected from students such as critical thinking,
intuitive decision-making, problem solving and logical rea-
soning, which are all key components of the current na-
tional mathematics curriculum, can be developed through
geometry teaching. It is thus critical to examine the geom-
etry knowledge of teachers (Ministry of National Education
[MoNE], 2018). Being closely associated with mathematical
concepts, possessing intuitive, visual and aesthetic features,
and bringing creativity to the forefront are all inherent in the
geometry. For this reason, teaching geometry requires a spe-
cial effort At the same time, it is important to investigate
teachers’ ability to teach geometry (Jones, 2002). With the de-
velopment of information technologies and the emergence
of new uses of geometry, ranging from animation to global
positioning systems, teaching geometry is particularly rele-
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vant today. The aim of this study is to describe and investigate
the geometry knowledge of in-service primary school teachers
in terms of their CK and PCK. For this purpose, the following
research questions were asked:

1. How could the knowledge of in-service primary
school teachers need to teach geometry be described,
in terms of both CK and PCK?

2. How could the CK and PCK needed by in-service
primary school teachers to teach geometry be inter-
twined?

Literature Review

For decades, researchers have been interested in understand-
ing what teachers need to know for the teaching of mathe-
matics, and this knowledge package required to teach math-
ematics continues to evolve. Shulman’s (1987) idea of the
fundamental level of knowledge needed for teaching began to
develop with the definition of PCK. This conceptual expansion
could be seen in one of the widely accepted knowledge pack-
ages presented as knowledge needed to teach mathematics
by Hill et al. (2008). In response to Shulman'’s introduction of
PCK, various knowledge packages were proposed, with one of
the most popular presenting the knowledge needed for teach-
ing mathematics as a combination of knowledge types in dif-
ferent dimensions (Ball et al., 2008). The knowledge package
presented by Hill et al. (2008) is depicted in Figure 1 below:

Subject Matter Knowledge E Pedagogical Content Know ledge
(SMK) ! (PCK)
Knowledge
Common of Content
Content and Students
Knowledge Specialized (KCS) Knowledge
Content of
Horizon Knowledge Knowledge of Curriculum
Content Content and
Knowledge Teaching
(KCT)
x_’i/

Figure 1. The Required Knowledge Package for Teaching
Mathematics (Hill et al., 2008)

Researchers argued that teachers should have advanced PCK.
Superior knowledge of content alone is necessary but insuf-
ficient to teach mathematics. What is also needed is an un-
derstanding of how to apply knowledge of the subject matter
when teaching mathematics (Ball et al., 2008; Hill et al., 2008).
CK or subject matter knowledge can be defined as the pro-
fessional knowledge required in a specific subject (Ball et al.,
2008). As seen above, CK is composed of three categories:
common content knowledge (CCK), which is general mathe-
matical understanding in a non-teaching context; specialized
content knowledge (SCK) which is the knowledge specifically
needed to teach mathematics; and horizon knowledge, which
refers to the ability to understand the relationships between
different mathematical concepts throughout the mathemat-
ics curriculum (Ball et al., 2008). SCK is prominent in the prac-
tice of teaching as a profession; knowing a subject not only
requires having knowledge of the truths or concepts about a
particular subject, but also refers to being able to identify and
explain the relationships between concepts (Hill et al., 2004;
Ball et al., 2005). The researchers further characterized PCK in
terms of knowledge of content and students (KCS) and knowl-
edge of content and teaching (KCT) (Ball et al., 2008). While the
KCS dimension is defined as the ability to modify teaching by
taking into account both students and mathematics, the KCT
dimension refers to the ability to adjust teaching according to
both the method of instruction and mathematics.
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The knowledge required to teach mathematics has also been
researched in different contexts related to problem solving,
to validating the knowledge dimensions and to revealing the
relationships between the knowledge dimensions (Chapman,
2015; Knievel et al., 2015; Hoover et al., 2016; Charalambous,
2016). In teacher knowledge frameworks utilizing PCK, as
well as in the Technological Pedagogical Content Knowledge
(TPACK) framework, various studies have investigated the re-
lationship between the CK and PCK knowledge dimensions
(Kleickmann et al., 2013; Krauss et al., 2008).

In the case of research on primary school teachers, there are
studies which have reported a low level of mathematics sub-
ject matter knowledge, although only a few specifically inves-
tigated CK for teaching geometry (Hourigan & Leavy, 2017;
Jones & Tzekaki, 2016). Jones et al. (2002) state that pre-service
teachers assume geometry to be the least prioritized subject
within the mathematics curriculum. An analysis of the geom-
etry domain in the Turkish primary school mathematics cur-
riculum reveals four different sub-domains: geometric shapes
and solids; spatial relationships (congruent things, symmetry,
symmetry line and reflection symmetry); geometric patterns
(patterns including shapes, and tessellations with two-three
different shapes); and fundamental concepts in geometry
(point, line, line segment, half-line, plane, angle, acute angle,
obtuse angle, right angle, and straight angle) (MoNE, 2018).
Primary school teachers are responsible for teaching these
geometry concepts to students from grade one to four.

A review of the related literature finds that many of the stud-
ies focus on the geometric thinking skills and levels of teach-
ers and prospective teachers, with a majority of the studies
conducted with prospective teachers. Some of these studies
are quantitative, examining the participants’ geometric think-
ing skills with other variables such as gender or spatial ability
(Turgut & Yilmaz, 2012). Other research focuses on related
concepts within the framework of geometric thinking, for ex-
ample, geometric transformations or transformational geom-
etry (Yanik, 2011), or examines them in a more specific con-
text, including geometric discourse (Wang & Kinzel, 2014) and
geometric habits of mind (Kése & Tanish, 2014). Wang and Kin-
zel (2014) examined the parallelogram knowledge of prospec-
tive primary and elementary school mathematics teachers.
The participants were asked to classify a group of geometric
shapes (quadrilaterals), and then researchers evaluated their
understanding of the characteristics of the parallelogram. The
findings of the study indicate that, although the prospective
teachers were at the same van Hiele geometric level, partic-
ipants show that they could have a different geometric dis-
course but they were weak in justification and definition
(Wang & Kinzel, 2014). In another study conducted specifically
on geometric shapes and their characteristics, van Hiele ge-
ometric thinking levels of prospective primary school teachers
were evaluated through a knowledge test (Zilkova, Guncaga &
Kopacova, 2015). Focusing on the ability to recognize two-di-
mensional shapes and questioning the basic features of the
shapes, the researchers found that the participants’ geometric
thinking levels were quite low and that they were less success-
ful in answering questions about the parallelogram than the
other quadrilaterals.

A study conducted by Aslan-Tutak and Adams (2015) aimed to
improve the CK of geometry of 102 prospective primary school
teachers. As a result of activities incorporated into the pre-ser-
vice teachers’ mathematics teaching methods course, there
was a significant difference in the development of pre-service
teachers’ geometry CK. Furthermore, the participants in the
study were aware of the deficiencies in their geometry CK and
the researchers claimed that they were not yet ready to teach
geometry. In another study conducted by Toluk-Ucar (2011)
that sought to determine the PCK of prospective primary
school teachers and mathematics teachers, the teachers were
asked to make instructional explanations on various subjects
including geometry. The research concluded that the teacher
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candidates’ answers to the questions were largely based on
memorization and that they were unable to make instruc-
tional explanations of the subject.

Methodology

This study is a small part of a design-based research project
which explores the design process of an in-service teacher
training seminar that develops primary school teachers’ CK
and PCK needed to teach mathematics. The seminar was
announced to all teachers throughout the province with the
cooperation of the provincial directorate of national educa-
tion and a teacher institution founded in the university for
teachers. A total of 23 teachers, made up of eight men and
15 women, volunteered to attend the seminar. A majority of
the teachers, 17, have 10 to 20 years of teaching experience.
While a newly appointed teacher with the least experience
had been teaching for only six months, the participant with
the greatest experience had been teaching for 30 years. Sev-
en of the participants had graduated from faculties other
than the department of primary school teaching, including
biology teaching, physics, and geophysical engineering,
among others.

At the beginning of the seminar, the teachers were exam-
ined in a test which took approximately 40-50 minutes,
consisting of 19 questions assessing mathematics CK and
15 questions assessing PCK. This test is a Turkish version
of a multifaceted test used by Callingham et al. (2011) in
their studies. This test was chosen because its questions
are organized in three separate sections of CK, PCK and be-
liefs, while including all learning areas in the primary school
mathematics curriculum. The CK and PCK sections consist
of open-ended and interpretive questions. In our study, the
test was translated into the Turkish language in order to
evaluate the knowledge needed by primary school teachers
to teach mathematics, and was applied to the participants in
two separate sections.

The study summarized here encompasses an analysis of
geometry-related items in the test. In order to assess the
knowledge of geometry of primary school teachers, the
responses were examined through qualitative data analy-
sis. Three questions were selected from the CK section and
three from the PCK section. Figure 2 below provides an il-
lustration of the exam questions, depicting the shell ques-
tion as it relates to angle measurement in the CK section.

A model of how a shell grows can be made using
enlarged copies of the same triangle. Here is a picture of
a model.

127 | 138 | 143 | 153 | 222

What is the value of x
in degrees?

Figure 2. A Sample CK Question: The Shell Question and
Angle Measurement

Another question in the CK section asks whether a given
definition/explanation of basic concepts of transformation
geometry, such as translation, congruency, and similarity, is
right or wrong. In this question, each alternative was eval-
uated separately. The last question in the CK section asks
whether the given seven quadrilaterals/polygons are paral-

lelograms or not. The answers to this question were evalu-
ated in the same manner as those to the previous question.

In the PCK section, teachers were requested to provide the
best possible feedback to a student according to a particu-
lar situation. A sample question of this section is provided
in Figure 3 below. This question examines the relationship
between a square and a rectangle and is analyzed below in
the quadrilaterals section on findings. Another question in
the PCK section assesses the responses of the teacher to a
student's measurement using the protractor and is analyz-
ed below in the angle measurement section on findings. The
last PCK question examines how the teacher would explain
the relationship between the rhombus and other quadrilat-
erals.

Ann and Bob are Year Six students completing a task in which they
are asked to investigate the areas of rectangles with a perimeter of
24 cm. Ann claims that the maximum area is 36 cm?, while Bob
claims that it is 35 cm? Which of the following is the most likely
explanation of why one of them is incorrect?

O  Annis incorrect because she has not understood the
difference between a

square and a rectangle.

O  Annis incorrect because she has calculated 5.9 by 6.1 and
rounded up.

O  Bobis incorrect because he thinks squares are not rectangles.
O  Bobis incorrect because he has only used whole numbers
instead of decimals.

Figure 3. A Sample PCK Question: The Relationship Be-
tween a Square and Rectangle.

The teachers were asked to use the empty spaces in the test
paper to show their work while answering the test. Expla-
nations were provided to the participants to the questions
they posed regarding aspects of the exam that they did not
understand.

The study described here adopts a descriptive approach in
terms of its purpose and a qualitative research approach in
terms of the inquiry method (Kumar, 2019; Creswell, 2007).
Descriptive research collects information for the purpose of
systematically defining and describing a situation, a prob-
lem, a phenomenon, a seminar or a program. In this study,
examining the geometry knowledge of in-service teachers
in terms of CK and PCK constitutes a descriptive approach.
In the same manner, the systematic analysis of the collected
data through qualitative data analysis constitutes a qualita-
tive approach.

Qualitative data analysis was carried out according to a pre-
viously prepared rubric by the researchers. For example, in
the case of the shell question, there is only one correct re-
sponse and the participants were evaluated on that basis.
The participants’ working out of the problems on the test
paper and their incorrect responses were analyzed as well.
The quadrilateral question has seven options from which to
select the correct answer and each alternative was evalu-
ated separately. For the rhombus question, teachers were
requested to choose whether the listed feedback should be
given, may be given or should not be given. Consequently,
the responses of the participants were evaluated as a cor-
rect response, partially correct, or wrong. In the overall as-
sessment of each participant, the answer to each question
was analyzed separately.

Findings
The presentation of the findings is organized in three sec-

tions that correspond to the data analysis: quadrilaterals,
angle measurement and transformation geometry.
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Quadrilaterals

First, only six of the participants correctly interpreted the re-
lationship between the parallelogram and the other seven
shapes of the listed quadrilaterals, one of which was a hexa-
gon. Twelve of the participants claimed that the hexagon and
the trapezoid were a parallelogram. The rest of the partici-
pants were undecided about whether the square and rectan-
gle were a parallelogram and left the answer blank. Figure 4
below shows the response of one of the participants to this
question.

Bir paralelkenar, karsilikii kenarlarin paralel oldugu bir dortgendir. Asagidaki sekilleri, eger
paralelkenarsa “Dogru”, degilse “Yanls” olarak isaretleyiniz.

‘ ‘ Dogru | Yanlis Dogru | Yanhs

|

¢
| I
W .
-

X

A‘

St (4

Figure 4. A Test Response to the Quadrilateral Question.

22 of 23 respondents answered at least one option incorrectly
or left the answer blank in the rhombus question in the PCK
section. Some of the study participants made comments on
the exam and selected the options but did not answer correct-
ly. Our interpretation is that the participants are familiar with
geometric shapes at a basic level, but lack an understanding
of the relationships among the quadrilaterals. Figure 5 below
shows one of the responses to this question.

dordiinci ‘lfpﬁrenclsldlr. Tuna elmas seklinde oldugu igin

Figure 5. A Test Response to the Rhombus Question.

The other question in the PCK section which examined the
relationship between a square and a rectangle is a multi-
ple-choice question and has only one correct answer. 19 of
the 23 participants answered this question incorrectly, choos-
ing to give inappropriate feedback to their students. This indi-
cates that they did not understand the relationship between a
square and a rectangle.

Itis evident that the participants lack general knowledge of the
relationships among quadrilaterals. They do not understand
what a parallelogram/rhombus is, or how it can be described.
That they do not consider that the square is a rectangle also
suggests that they lack CK regarding the classification of
quadrilaterals. Indeed, the participants’ lack of PCK regarding
quadrilaterals is directly correlated with their inadequate CK.

Angle Measurement

The angle measurement category contained both a CK and a
PCK question. In the shell question assessing CK, a shell model
is created by sequentially resizing the same triangle and com-
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bining the resulting triangles and asking the measurement of
an unknown angle in the model. The teacher is expected to
calculate the measure of that angle while showing her pro-
gress on the test sheet. Only five of the 23 participants gave
the correct answer and nine of the teachers responded in-
correctly. All nine teachers who gave the incorrect response
did so because of their assumptions regarding the linearity of
nonlinear parts. They thought that the unknown angle and the
angle that measured 37° degrees were supplementary angles.
Figure 6 below shows one of the incorrect responses given in
this way.

x'in degeri ka¢ deregedlr? L T
Figure 6. A Test Response to the Shell Question.

For the remaining responses to the shell question, three
teachers answered incorrectly because they did not under-
stand the similarity of the polygons. Nevertheless, these three
participants all knew that the sum of the interior angles was
180° degrees. All other responses were incorrect either due
to the calculations or to the way in which the problem was
solved, such as using the exterior angles.

The PCK question in the angle measurement category inves-
tigated the possible feedback that a primary school teacher
might give to a student while measuring an angle using the
protractor. The hypothetical student in the PCK question
measured the shown angle as 30°. The question required the
participants to determine which of the possible seven feed-
backs or reactions they would definitely make, which they
might make, and which they would not make. The number of
correct responses regarding the appropriate feedback is de-
tailed in Table 1 below.

Table 1. Participant Responses to the Question of Angle Meas-
urement

The feedback/reaction # of correct
responses
Did you measure the amount of space between the lines? 3
Well done, Kylie, you're absolutely correct. 7
Make sure you line up the protractor correctly. 1
Remember that angles are about the amount of turn, and 3
the arrow shows the direction of turn.
You need to subtract that from 360°. 4
This one’s tricky because your protractor will only meas- 4
ure angles up to 180°
Can you show me which angle you are trying to measure? 11

It is evident that most of the participants did not react appro-
priately or provide the right feedback to student error, their
principal mistake being to guide the pupil to the correct an-
swer and to choose to explain the definition of the concept
directly. It was also observed that some teachers made mis-
leading or incomplete directions that were unrelated to the
student error.

Transformation Geometry
The only test question in the category of transformation ge-

ometry is in the CK section. This question asks the respond-
ents to determine if the five given definitions regarding the
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concepts of translation, expansion/scaling and congruen-
cy are right or wrong. 17 of the 23 teachers were unable
to choose the correct definition of congruency, as follows:
“Two shapes are congruent if they differ only in position and
orientation in space.” We observed that the respondents did
not have an understanding of the condition of being con-
gruent of two shapes. The incorrect response, selected by
10 participants, indicated a lack of understanding of the re-
lationship between areas of similar shapes. Nearly half the
teachers were unable to respond correctly as to whether an
area of a shape will be doubled as a result of enlarging it
with a scale factor of two. Another question related to how
the edge lengths and therefore circumference of the shape
will change when the shape is enlarged with a scale factor of
one. Seven teachers were unable to explain the relationship
of circumferences to the size of similar shapes. Likewise,
seven teachers failed to define translation correctly.

Discussion

This section is organized according to the same structure
used in the Findings section. We provide a discussion and
interpretation of quadrilaterals, angle measurement and
transformation geometry with the relevant conclusions
from the related literature.

Quadrilaterals

Regarding quadrilaterals and their properties, it was clear
that the participants did not know the basic features of a
quadrilateral, for instance, a rhombus or a parallelogram.
Although they understood the differences between types
of quadrilaterals, they had difficulty in interpreting the sim-
ilarities and differences. Participants often thought that any
shape with two parallel edges was a parallelogram. We also
observed that participants did not have an understanding
of the concept of a parallelogram, utilizing incorrect defini-
tions. In their study with prospective teachers, Wang and
Kinzel (2014) worked with participants in terms of their
geometric discourse and found that they had different dis-
courses in defining some concepts such as parallelogram or
rectangle. In another study, Marchis (2012) concluded that
prospective teachers could not define fundamental geomet-
ric shapes because they lacked knowledge of the shapes’
basic properties or characteristics. Being able to classify the
quadrilaterals but not being able to perceive them in a hi-
erarchical manner can be regarded as a deficiency in CK,
which has an effect on PCK as well.

The inadequacy in PCK regarding the rhombus question
could be due to the deficiency in CK, given that 14 partici-
pants did not recognize that a square is a rhombus. For this
question, only one participant selected the correct answer
regarding the appropriate feedback to the student. This
suggests that there is an obvious relationship between the
teachers’' CK and PCK regarding quadrilaterals, which was
consistent with the findings of Knievel et al. (2014). The re-
searchers further concluded that the lack of CK and PCK in
mathematics was the result of a deficient education of pri-
mary school teachers who were trained outside the specific
field of mathematics teaching or a deficient teacher educa-
tion period. Being out-of-field, they were not educated to
teach mathematics specifically (Knievel et al., 2014).

The responses given to the question regarding the relation-
ship between a square and a rectangle are also indicators
of the important deficiencies of the participants in defining
quadrilaterals. 13 of the 19 respondents who answered
incorrectly claimed that a square was not a rectangle. We
concluded that the participants understood quadrilaterals
like squares and rectangles only superficially, in addition to
being deficient in their ability to interpret their properties or
describe the relationship between a square and a rectangle.
Hourigan and Leavy (2017) stated that although the partici-

pants knew basic theorems and axioms from their teacher
education years, they lacked an understanding of the rela-
tionships and connections between them. This is due to ex-
tensive exam-oriented teaching with significant procedural
experience at the university level (Hourigan & Leavy, 2017).
This conclusion leads us to another finding consistent with
Jones (2002) that prospective primary school teachers per-
ceive geometry as a straightforward subject compared to
other learning areas.

Overall, primary school teachers’ lack of CK and PCK seemed
to be closely connected based on the findings of the study,
even though their PCK was considerably less than their CK.
Even though the participants in the study had a significant
amount of teaching experience, an improvement in PCK
depends on having a well-established understanding of
geometry concepts and the relationships between them.
Having enough CK in and of itself, however is insufficient to
guarantee a well-established PCK (Jones, 2002). Studies con-
ducted with prospective primary school teachers concluded
that they demonstrated a lack of CK and PCK in nearly all
the subjects for which they would be responsible (Turnuklu
& Yesildere, 2007). We assert that when teachers lack CK,
they lack PCK as well, and that a well-developed PCK can be
achieved through a well-achieved CK.

Angle Measurement

The responses to the angle measurement question related
to similar triangles suggest that the majority of the teachers
considered the nonlinear line segments as a linear line. This
indicates a lack of CK about the concepts of linearity and an-
gle. With only five out of 23 correct responses, we conclude
that teachers’ CK about angle measurement is incomplete.

Regarding PCK, it was observed that the teachers under-
stood that the answer given by the student was incorrect,
and for that reason they hesitated to provide the correct
answer. However, many teachers tended to give a direct
definition or clue that would lead the student to the answer
directly. In addition, some teachers chose to give feedback
which was unrelated to the correct answer provided by the
student. This situation suggests that teachers had prob-
lems in determining which clues and guidance they would
give to the student in the case of incorrectly answering a
question. It was also concluded that the instructional expla-
nations provided by the teachers to correct student errors
were insufficient. The inadequacy of these instructional ex-
planations is due to the lack of both CK and PCK in terms
of angle measurement. A recent study shows that teachers
have different interpretations about angles and how this
mathematical concept was developed. That is, teachers
cannot define or explain the angle as a concept (Silfverberg
& Joutsenlahti, 2014). Therefore, we conclude that what
teachers understand about a mathematical concept affects
their use of explanations, feedbacks and definitions which
are all in the domain of their PCK. Another study reveals
that prospective teachers had deficient geometry CK when
they graduated from university and that their methodol-
ogy courses for mathematics teaching were not sufficient
to prepare them for lessons (van der Sandt & Nieuwoudt,
2005). We claim that there are deficiencies in geometry CK
of the primary school teachers included in our study and
find that this conclusion is consistent with those in the relat-
ed literature. In summarizing the deficiencies of both in-ser-
vice or pre-service teachers, Jones and Tzekaki (2016) find
that more research should be conducted so as to improve
the geometry CK and PCK of teachers.

Transformation Geometry
The few existing studies of teachers’ knowledge of trans-
formation geometry suggest that teachers are not ready to

teach transformation geometry concepts, as they had diffi-
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culties in understanding and explaining the concepts (Gomes,
2011; Kose & Tanislh, 2014). Kése and Tanisli (2014) found that
pre-service primary school teachers could not explain how a
shape dynamically changes after a transformation, such as ro-
tational. This could be understood in the context of the chang-
ing nature of geometry teaching from the traditional Euclide-
an approach toward modern transformation geometry (Jones,
2002). Turkey also experienced this shift in geometry teaching
that affected the elementary mathematics curriculum and ap-
peared to be a sub-learning area called transformation geom-
etry in both primary and elementary levels.

Jones and Fujita (2013) addressed congruency with a list of four
different concepts, claiming that congruency should be con-
sidered a transformation concept. Based on our findings, the
participants of the study seemed to lack this understanding
of congruency since they could not describe whether shapes
were congruent when their position or orientation in space
changed. It could further be claimed that the participants were
unable to analyze congruency in the case of a transformation,
which is a concept that teachers are expected to grasp. Anoth-
er study concluded that prospective teachers’ understandings
of translation in terms of motion concepts are weak because
they lack the ability to define the translation while relating it
with a plane, motion, transformation, or vector (Yanik, 2011).

Conclusions and Implications

Teachers' perceptions of geometry have a direct impact on
their way of teaching and on the learning environments they
offer to students, affecting their PCK (Aslan-Tutak & Adams,
2015). More research is needed on how to develop improve-
ments in perceptions of teachers and prospective teachers.
Teacher education is crucial in this regard; geometry teaching
should be carefully considered in the methodology courses
offered in teacher education departments.

According to our study's findings, the elementary school
teachers had deficiencies in the CK and PCK about basic ge-
ometry subjects such as quadrilaterals and their properties,
angle measurement and transformation geometry. We de-
termined that teachers were aware of these deficiencies and
were willing to attend in-service training and courses in order
to overcome their shortcomings. In this respect, we argue that
courses and trainings related to geometry teaching should be
offered not only to teacher candidates, but also to in-service
teachers. A particular emphasis should be made on in-service
training seminars for teaching geometry. Prospective teachers
should also be supported with activities during their teacher
education period (Cantlirk-Ginhan et al., 2009; Yanik, 2011;
Ding et al., 2005). More research is needed with primary
school teachers in order to analyze how to improve the knowl-
edge they need to teach geometry and how their CK and PCK
affects students geometric thinking.
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